Abstract. Anisotropic adaptive methods based on a metric related to the Hessian of the solution are considered. We propose a metric targeted to the minimization of interpolation error gradient for a nonconforming linear finite element approximation of a given piecewise regular function on a polyhedral domain
Introduction
Adaptive methods are essential for the successful simulation of various problems modelling natural phenomena occurring in geoscience, biology and hydrogeology... due to the anisotropic nature of the solution involved. This anisotropy make it necessary to consider both size and stretching during adaption. Metric Based Adaptivity ( [1] , [3] and references therein), where mesh adaption is carried out by optimization rather than by re-meshing, is independent of the specific problem being solved and provides stretched meshes to capture boundary and internal layers. The motivation of such metric based methods came from interpolation estimates. This work reports on a recent contribution to MBA methods for simplicial meshes in case of nonconforming finite element approximation.
On quasi-optimal meshes and error gradient reduction
Let Ω be a polyhedral connected domain of IR d (d = 2, 3 ) and I(u, N (Ω)) denoting the linear nonconforming interpolate of a given piecewise regular function u at the edges (faces) of the conformal triangulation N (Ω) with at most N d-simplex. We set
and denote by ∇ h I(u, N (Ω)) the vector field defined by
In the sequel, for any d-simplex ∆ with vertices
, |∆| denotes the volume of ∆ in the Euclidean metric, and for any symmetric positive definite matrix G, we denote the total length of ∆ and volume of ∆ in the metric G respectively by
and
where · stands hereafter for the Euclidean norm.
The first result deals with the lower asymptotic behavior of the nonconforming interpolation gradient error.
Theorem 1.
Let u be a C 2 -piecewise function and H its Hessian. We have:
and the constant 
where x ∆ is the barycenter of ∆ and H the Hessian of u, and the equality holds for
The following lemma concerns an integral representation of the gradient interpolation error based on the fundamental integration theorem,
where H is the Hessian of u. 
Proof. Let e(x) = u(x)
−
H(y + t(x − y)).(x − y)dt.
Integrating with respect to y over ∆ and using the fact that Let us remark in case u ∈ P 2 (∆), we obtain the equality
where x ∆ is the barycenter of ∆.
Finally, using this last remark and lemma 2 gives a geometric representation of the gradient interpolation error: 
, where x ∆ is the barycenter of ∆ and H the Hessian of u, and the equality holds for
Let us notice that, in general case, for any given quadratic function u and d-simplex ∆, the following inequalities on interpolation error hold:
1. For any p ≥ 2, we have: 
